[bookmark: _Toc148497803]A TRIGONOMETRIC FRACTIONAL POLYNOMIAL AUTOREGRESSIVE TIME SERIES MODEL FOR COMPLEX STRUCTURE DATASETS

FANTOLA Jubril Oluwatoyin
MATRIC NO.: PSC/F/21/22/0003
B.Sc. (Abeokuta), M.Sc. (Ibadan)


A THESIS SUBMITTED IN THE DEPARTMENT OF STATISTICS TO THE POSTGRADUATE SCHOOL


IN PARTIAL FULFILMENT OF THE REQUIREMENTS FOR THE AWARD OF DOCTOR OF PHILOSOPHY IN STATISTICS OF OLABISI ONABANJO UNIVERSITY, AGO-IWOYE, OGUN STATE, NIGERIA


SEPTEMBER, 2026

xv

ABSTRACT
Time series data exhibiting complex structures such as persistence, nonlinear trends, seasonal, cyclical and irregular variations are observed across many fields. Classical linear time series models including Autoregressive Moving Average (ARMA), Autoregressive Integrated Moving Average (ARIMA), and Seasonal Autoregressive Integrated Moving Average (SARIMA) have been widely applied to such data. However, their effectiveness becomes limited when multiple forms of variation coexist. In particular, datasets that display long-run growth or decay alongside smooth cyclical movements are often inadequately represented by stochastic and fixed seasonal models. This instigated the development of flexible hybrid modelling frameworks capable of capturing the temporal dynamics. This study developed a Fractional Polynomial Trigonometric Autoregressive (TFPAR) time series model that integrates autoregressive dependence, fractional polynomial trend and trigonometric regression terms within a unified framework. The autoregressive component captures temporal persistence; fractional polynomial structure accounts for nonlinear long-run growth or decay, while the trigonometric terms model smooth seasonal and cyclical behaviour using sinusoidal functions. 
The development of the model was done based on the Box–Jenkins methodology comprising identification, estimation, diagnostic checking, validation and forecasting.  Exploratory data analysis was used for model identification, autocorrelation and partial autocorrelation functions and spectral analysis were also used to detect dominant frequencies. Parameter estimation was carried out using Ordinary Least Squares (OLS) and Maximum Likelihood Estimation (MLE) techniques. Adequacy and performance of the model were evaluated using residual diagnostics, coefficients of determination (R² and adjusted R²), information criteria (AIC and BIC), and forecast accuracy measures (Root Mean Square Error (RMSE), Mean Absolute Error (MAE), and Mean Absolute Percentage Error (MAPE)).
The exploratory analysis of Nigerian monthly temperature and carbon (IV) oxide (CO₂) emission series from the result revealed strong persistence, evident nonlinear trends and pronounced low-frequency cyclical behaviour. Autocorrelation functions decay slowly indicating long memory while periodogram analysis identifies dominant deterministic frequencies beyond fixed seasonality. Estimation results confirm the statistical significance of the autoregressive, fractional polynomial and trigonometric components. The fitted models for temperature and CO₂ emission series revealed a R² values of 0.94 and 0.96, with corresponding adjusted R² values of 0.93 and 0.95 respectively, indicating substantial explanatory power and good model fit. Diagnostic checks further supported model adequacy, with Durbin–Watson statistics of 2.01 for temperature and 1.98 for CO₂ emissions, suggesting no residual serial correlation. Residual autocorrelation plots showed no significant remaining structure and residual distributions approximated normality. The developed model demonstrated clear superiority over competing models, recording the lowest information criteria values. For temperature, AIC = −412.6 and BIC = −389.4, while for CO₂ emissions, AIC = −438.1 and BIC = −415.9, compared with higher values under other specifications. Forecast evaluation further confirmed improved performance, with temperature forecasts yielding RMSE = 0.42, MAE = 0.31, and MAPE = 2.9%, and CO₂ emission forecasts producing RMSE = 1.87, MAE = 1.42, and MAPE = 3.4%.
The study concluded that integrating fractional polynomial trends and trigonometric cycles within an autoregressive framework provides a reliable and effective alternative for modelling and forecasting time series data characterised by persistence, nonlinear evolution and smooth cyclical behaviour due to its superior explanatory and predictive performance, and therefore recommends the adoption of the TFPAR model for analysing and forecasting such complex time series.
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CHAPTER ONE
INTRODUCTION
1.1    Background to the Study
 Time series is an important statistical technique that has a wide range of applications in sales and stock analysis, social statistics, weather forecasting, agriculture, health and other areas of human endeavours (Sojobi, 2021). Time series data can be decomposed into four major components, which are trend (Tt), seasonal (St), cyclical (Ct) and irregular variations (It).  These components form the two basic models, which are additive and multiplicative models.  Many researchers have explored time series as a statistical tool to formulate models that are helpful in knowledge advancement and applicability using the Box-Jenkins Autoregressive Moving Average family and its extensions and other important models for the determination of data trend and the variation characteristics (Su et al., 2025).
The increasing application of time series analysis to environmental data is vital for understanding and managing ecological challenges. Various advanced statistical models, including time series, have been employed to analyse environmental parameters, predict trends, and inform policy decisions. Different time series models have been used in the areas of air quality monitoring, wastewater management, emission forecasting, urbanisation and ecology, and ecosystem monitoring among others. Time-series analysis provides powerful methods to analyse industrial wastewater data with the aim of understanding and predicting the behaviour of relevant wastewater variables such as chemical and biochemical oxygen demand (Esko et al., 2024). 
Attah and Bankole (2011) used the Box-Jenkins methodology to build an Autoregressive Moving Average (ARMA) model for annual rainfall data from the Kaduna South meteorological station within the Lower Kaduna catchment for 47 years (1960–2006). The analysis showed a mean annual rainfall of 1385.2 mm, a standard deviation of 313.8 mm, and a coefficient of variation of 0.23 (low variation). The range for the period of study is 1407 mm. The ARMA model identified is ARMA (1,1), which has a Pearson Correlation Coefficient (R2) of 0.969 and residual ACF and PACF that indicated no pattern. The model is therefore adequate and appropriate for the forecast of future annual rainfall values in the catchment, which can help decision makers establish priorities in terms of water demand management.
In Trigonometric regression, the time series data is first decomposed into its component sine and cosine functions. Then, a regression model is estimated utilising the data components. The model captures the cyclical patterns in the data by including the Fourier components as predictor variables. The model can also include other predictor variables, such as trend and seasonality, to capture other patterns in the data. Fourier regression is a powerful technique for modelling time series data with complex cyclical patterns. The utilisation has occurred in several researches that include finance, economics, and climate science, to model and forecast time series data.  The Sinusoidal regression model follows the principle of Fourier series analysis. The Fourier regression model can capture the cyclical changes from period to period (Taiwo and Olatayo, 2018; Taiwo et al., 2020; Ozyilmaz et al., 2022).  
The application of time series analysis in agriculture is pivotal for enhancing productivity and sustainability of farm produce. By leveraging historical data, various forecasting models can predict crop yields, assess vegetation changes, and optimise resource allocation. The unstable climatic variables have their implications for agricultural practices and this requires advanced mixed models to analyse the complex situations.  Building time series models based on historical data is a pressing challenge in the agricultural sector. This is essential, as analysing and predicting processes related to the food security of the state, region, and business entities are of paramount importance in management. With the help of forecasts, enterprises can adjust their production activities in such a way as to satisfy demand and deliver products to consumers on time (Anatolii et al., 2023). 

1.2    Statement of the Problem 
The threat poses by ever changing socio-economic and environmental variables is a global challenge that has major socio-economic implications across the globe. Some of the effects are food insecurity, environmental health hazards and weather fluctuations that affect air transportation.  Many researchers have dealt with this sector with different approaches with the aim to model better predictive values for a proper planning and developing a better coping strategy to address the threats.  In the literature, the commonly used model is based on time series regression and autoregressive model families, but when a time series dataset has complex variation characteristics, this requires formulating a suitable model to capture all kinds of variations and characteristics that time series exhibited.  Commonly, most models used for this kind of dataset do not consider the incorporation of functions to handle the presence of growth and decaying trend.  The most common analyses considered the trend analysis, exponential variations with seasonal and periodical structures which are often done with ARIMA, SARIMA and Fourier regression. The gaps identified in the literatures showed that most existing modes either single or hybrid model do not capture all the characteristics exhibited by datasets that show linearity, non-linearity and cyclical variations simultaneously. Taiwo et al., (2020) dealt with non-linearity and cyclical variations but without capturing the linearity. Also, Taiwo et al., (2019) analysed a dataset that showcased only the linearity and cyclical variation without considering the non-linearity tendency. Gholamreza et al., (2023) used exponential autoregressive model and this only handled linear and non-linearity characteristics but left the cyclical variations unchecked.
Therefore, in order to handle the growth-decay trend, exponential movement in seasonal and cyclical variations seen in a time series dataset simultaneously, it informs proposing of a hybrid model which includes autoregressive, fractional polynomial and trigonometric regression models.  It is expected that the intended model will have the capabilities of handling complex variation structures in a time series dataset observed. In this study the environmental datasets would be given much attention.
[bookmark: _Toc148497806]1.3 Aim and Objectives of the Study
The aim of the study is to develop a trigonometric fractional polynomial autoregressive model; with the following specific objectives to:
 (i) identify the types of variations and characteristics exhibited by the time series dataset.
(ii) construct a trigonometric fractional polynomial autoregressive model. 
(iii) identify the order of the proposed model using exploratory data analysis.
(iv) evaluate the coefficients of the proposed model using the Maximum Likelihood Estimation and Ordinary Least Squares Methods.
[bookmark: _Toc148497807](v)  diagonise and compare the results in the proposed model with some existing models using some model validation and forecast evaluation metrics.
1.4   Significance of the Study	 
The significance of a trigonometric fractional polynomial autoregressive (TFPAR) model lies in its ability to capture and analyse complex temporal patterns in data.  The TFPAR model represents an advanced statistical tool which can handle the shortcomings of classical time series models, such as ARMA. Its ability to model complex relationships, including cyclical behaviour and non-linearity, makes it a powerful approach in forecasting and time series analysis. As such, it is especially useful in scenarios where standard models fail to provide accurate predictions or fail to capture key underlying patterns in the data. The model has flexibility and adaptability that allow it to accommodate a wide range of temporal patterns, including linear, nonlinear trends, periodic fluctuations, and irregular patterns.  This adaptability makes it suitable for analysing diverse types of time series data encountered in real-world applications.  Hence, this study contributes to the advancement of time series analysis methodologies.
The model has wider applications in different spheres of life, which include Economics and Finance, where the TFPAR model can be applied to financial time series, which often exhibit both cyclical behaviour and non-linear trends. It is also applicable to the field of Environmental Sciences, where data related to temperature, pollution levels, and other environmental factors can display periodic trends and non-linear relationships, making TFPAR a useful tool. In Engineering and Manufacturing fields where the systems exhibit periodicity or non-linear behaviour, such as in control systems or failure prediction models, TFPAR can provide enhanced forecasting capabilities.  The study will assist the industry and the public sector in decision making by providing accurate forecasts, as well providing insightful literature in academia sector.  The understanding of the variability of the temperature will not only provide adequate guide against health hazards and diseases but also give adequate information about the planting session, especially for food crops. 
The integration of autoregressive, fractional polynomial, and trigonometric components offers a more comprehensive approach, capturing the underlying patterns in time series data and providing more accurate predictions.  It also allows researchers to dissect and understand the various components contributing to the temporal dynamics of data, which have practical implications in the areas of economics, agriculture, finance, epidemiology, and environmental science.
The study of TFPAR models is a response to the need for more flexible and accurate models in time series analysis, addressing the shortcomings of traditional autoregressive approaches by incorporating advanced mathematical techniques that capture the true dynamics of complex time series data.  
1.5 Scope of the Study
The analysis of periodic cycles that occurs in the time series dataset required appropriate and efficient methods. The scope of the study includes defining the model and its integration, exploring its properties, assessing its applicability to real-world data, comparing its performance to other models, and investigating the potential extensions or modifications for further research. 
The proposed model would be applied to the environmental data in Nigeria. Two different datasets; the Nigeria Temperature and the Carbon (IV) Oxide emission are considered for the analysis were extracted from the Nigeria Meteorological Agency between 1990 and 2022. 

[bookmark: _Toc148497809]1.6 Operational Definition of Terms
[bookmark: _Toc148497810]Fourier Series 
It expressed a periodical function or a data set into a series contains a constant and series of sinusoids with different amplitude, frequency and phase angle.
Trigonometric Regression
[bookmark: _Toc148497814]Trigonometric regression is a statistical method used to model time series data that exhibit cyclical patterns. It is based on the Fourier series, which is a mathematical representation of a periodic function.
Parameters
[bookmark: _Toc148497816]Parameters are measurable factors or variables that define a system, process, or phenomenon. Parameters are specific values or characteristics that determine how something behaves or operates. 
Estimator
[bookmark: _Toc148497817]An estimator is a statistical method or algorithm used to make an educated guess.





CHAPTER TWO
LITERATURE REVIEW
2.1 Empirical Review of Literature on the Autoregressive Model
A time series model induced by bilinear was employed to estimate the average death rate of an emerging disease (Shangodoyin et al., 2013). The estimated death rate converges rapidly to the true parameter value for a given mean death at time, t. The derived model could be used in predicting the m-step future death rate value of a given disease. We illustrated the new concept with real-life data.
A forecast of one-dimensional integrated autoregressive bilinear is compared with the forecast of generalised integrated autoregressive bilinear model (Ojo, 2014). They described the method for estimation of these models and the forecast. It was also pointed out that for this class of time series models which are non-linear, it is possible to obtain optimal forecasts. The estimation technique was illustrated with respect to a time series, and the optimal forecasts of these time series were calculated. A comparison of these forecasts was made using the two models under study. The mean square error for forecasts in generalised integrated autoregressive bilinear model was smaller than the mean square error for forecasts in one-dimensional integrated autoregressive bilinear model. Though the two models were adequate for forecasting when compared with the real series but forecast with generalised integrated autoregressive bilinear model was more adequate.
The fundamental connection was studied and the forecast efficiency of VAR and Time Series regression with lag explanatory factors.  The multiple economic series, considering and mean absolute percentage and root mean square forecast errors as a measurement gauge, were assessed (Taiwo and Olatayo, 2013). The result showed that VAR outperformed time series regression with lag explanatory factor approach based on the findings of the meta diagnostic tools that were employed.  They concluded that, as demonstrated by the forecast evaluation, the VAR model’s predicted values are more accurate and closely match Nigeria’s current economic reality.
The fundamental structural time series model was created by (Irma et al., 2013) for the purpose of modelling and forecasting seasonal economic time series. They looked at a generalisation of the fundamental structural time series model where the variances of the disturbances of the time-varying trigonometric terms linked to various seasonal frequencies fluctuate. Their paper makes two contributions. They sought to compare the frequency-specific Basic Structural Model (BSM) to a similar generalised version of the Airline model created by the US Census Bureau, as well as to examine the dynamic features of the model. They came to the conclusion that the generalised models' attributes are similar to those of their default counterparts after adopting a quadratic distance metric based on the models' restricted reduced-form moving-average representation. 
The prediction of CO2 emission has become a global concern, as it has been shown to assist in raising public knowledge about how to forestall environmental issues (Abdullah and Pauzi, 2015).  Several time series models have been explored in different countries to predict the CO2 emissions which shown an increasing pattern (Nyoni and Banga, 2019, Nyoni and Mutongi, 2019, Lotfalipour et al., 2013).
The better model for forecasting Nigerian monthly Precipitation time series data that exhibit seasonal, periodic variations and non-linearity was determined (Taiwo et al., 2018). The models considered were SARIMA, Fourier Autoregressive (FAR) and Artificial Neural Networks (ANN) models. The accuracy of the out-sample forecast of the model considered was measured based on the following forecast evaluations sum of square error (SSE), Mean square error and Root mean square error (RMSE). From the results, the FAR model forecast was better than that of SARIMA model based on the values of the forecast evaluations when seasonal and period in the series was considered and ANN model forecast was better that both FAR and SARIMA when precipitation was considered. The FAR model was determined to be the most appropriate model for forecasting seasonal and periodic variations, while the ANN model is the most suitable model for forecasting non-linearity in Nigerian monthly precipitation time series data.
In Tobias et al. (2020), Fractional trends and cycles in macroeconomics time series, modelling the permanent component as a fractionally integrated process and adding a fractional lag operator to the autoregressive polynomial of the cyclical component created a generalisation of correlated trend-cycle decompositions that circumvents previous assumptions regarding the long-run dynamic characteristics. There is no need for previous specification tests concerning persistence because the model permits an endogenous estimation of the integration order in conjunction with the other model parameters. They developed a modified Kalman filter estimator for the fractional components and connected the model to the Beveridge-Nelson decomposition. The maximum likelihood estimator's asymptotic normalcy, consistency, and identification were demonstrated. They showed that, in contrast to linked unobserved components models, the new model predicted a cycle that touched all NBER recessions along with a smooth trend. The fractionally integrated model attributes more variation to the cycle shocks due to the fractional lag operator and less variation to the long-run shocks due to the fractional trend specification, resulting in more persistent cycles and smooth trend estimates that reflected macroeconomic common sense, whereas unobserved components models produced an upward-biased signal-to-noise ratio whenever the integration order of the data-generating mechanism was greater than one.
The classical time series models with generalised linear mixed models were used to compare means at various time intervals by using genotype-specific chlorophyll time series measurements (Spyroglou et al., 2021).  The residuals from the first mixed model were evaluated for possible autocorrelation that can sometimes lead to biased results. Additional time series structures were included as random effects in the mixed model to solve this problem. This method allows for a convenient way to take into account the dependence present in the residuals in serial form. As a result, the autocorrelation was effectively addressed, as demonstrated by a final model whose residuals were not serially correlated.

Althobaiti and Shabri (2021) investigated the economic aspect of gas emissions in terms of its volume and consequences as a matter of importance, given the current increasing trend. They used Saudi Arabia CO2 emissions from 1970 to 2016 to build the prediction model by using ARIMA, Grey System Model (GM) and Nonlinear Grey Bernoulli Model (NGBM). The results revealed that NGBM is more accurate than the other prediction models, which supports the increasing trend of Saudi Arabia CO2 emissions.
A vector Autoregressive model was used to analyse the relationship between two time series as well as forecasting Lemya (2022). Two financial time series have been used, which are a series of global monthly oil price and global monthly gold price in dollars for a period from January 2015 to Jun 2019. It has 54 monthly values, where the data has been transferred to get the Stationarity, Diekey Fuller test for the Stationarity was conducted. The best three orders for model were determined through a standard Akaike information AIC): VAR(7), VAR(8) and VAR(10) respectively. The comparison was made between selected orders by AIC based on the accuracy measure and mean squared error (MSE). It turned out that less MSE value of the VAR(10) model. Some tests were conducted like Lagrange-multiplier, Portmanteau, Jarque - Bera to residuals for the selected model, with forecasting for the VAR(10) model for the period from Jun 2019 to June 2021; it is 24 monthly values. It turns out that less MSE for forecasting value for oil price series is to VAR(7) model and less MSE for forecasting value for gold price series is VAR(10) model. The results have been computed through the Stata program.  Household water security encompasses water-related factors that pose threats to public health at the household level (Patrick et al., 2022).  It presents reliable access to water in sufficient quantity and quality towards meeting basic human needs.  This study assessed the dynamics is seasonal variations in household water security and the association between household water security and diarrheal disease across dry and wet seasons in an urban settlement in Southwest Nigeria. 
A panel study design was employed to study 180 households selected using a multistage sampling technique.  The selected households were studied during dry and rainy seasons.  Household water security was assessed through the application of the all-or-none principle to 9 indicators associated with household water security.  The intensity of water insecurity was also assessed using the nine indicators.  The higher the number of indicators a household failed, the higher the intensity of household water insecurity.   The association between the intensity of household water insecurity and the burden of diarrheal disease across the seasons was assessed using the Mantel-Haenszel test. 
No household was water-secure in both dry and rainy seasons; however, the intensity of insecurity was more pronounced during the dry season compared with the rainy season.  Ninety households (52.0%) had water insecurity intensity scores above fifty percentiles during the dry season while 21 (12.1%) households had water insecurity intensity scores above the 50th percentile during the raining season, .  The burden of diarrheal disease was significantly higher among households with a water insecurity score above the 5oth percentile, 9 (8.1%) compared to households with a water insecurity intensity score below the 50th percentile 7 (3.0%), .  There was no statistically significant association between the intensity of water insecurity and diarrheal disease burden across the dry and rainy seasons, .
[bookmark: Methods:_][bookmark: Results:_]The economic growth and development have become so necessary among African countries like Nigeria for proper improvement in the quality of life (Olugbenga et al., 2022).  They estimated the relationship effect of Gross Domestic Product (GDP) on economic growth through the dependent variable, GDP and the independent variables, (food security, exchange rate, import), by exploring annual time series data covering the period of 2005 to 2019 using Autoregressive Distributed Lag (ARDL) Bounds Test Procedural Algorithm approach.  The results revealed the special presence of a long-run relationship among the GDP, food security and exchange rate variables.  While in short term, the importance of food security, exchange rate, and imports on economic growth was confirmed as the coefficient of the ECT (-0.22665) is negatively significant.  This clearly showed that in the following year, the error in GDP would be corrected by 22.67%.  Hence, the study proved the basic importance of the exchange rate and as well clarified it as one of the best tools to manage the country’s economic system.
Autoregressive models, moving average models, or a combination of both, integrated variable structure models, and models that incorporate exogenous components and seasonal effects with both an autoregressive and a moving average component were all employed by (Anatolii et al., 2023). Asymmetry, kurtosis, mean, standard deviation, lowest and maximum values, and monthly statistical data on the number of cattle and cows were used. The dynamics of the decline in cow and cattle numbers were displayed. The stationarity of the studied series was examined. A Box-Cox transformation was applied to the cattle population's time series data. The models' ideal parameters are provided. The change in the number of cattle during the previous 15 years was determined by obtaining predictive values for periods (months). This study enables farms and industry businesses to estimate the potential quantity of products (meat, milk) that may be gathered or acquired in the future. Planning resource needs, increasing productivity, cutting expenses, and adjusting to market shifts are all beneficial management practices.
Inspired by the concept of ensemble learning, (Zhenpeng et al., 2023) introduced an autoregressive weighted network (ARWNet) time series forecasting model. To maximise weak learners, the model used traditional autoregressive analysis. In the meantime, an effective, powerful learner was built using the combined weight optimisation technique. With these methodological underpinnings, the ability to test the framework with additional students to aid in decision-making significantly increased its scalability. When it comes to predicting electrical transformers, machine learning can be quite helpful and reasonably priced. Analysis of the series' prospective properties—long-term, continuity, periodicity, and delay was the main emphasis of the work. In the studies, the prediction accuracy of ARWNet and other popular models was compared using the ETT-small dataset. According to the findings, the suggested ARWNet model beat the widely used time-series prediction techniques at the moment by exhibiting strong generalisation ability and good forecasting accuracy with delay characteristics.
A better understanding of ill effects of globalisation, industrialisation, and urbanisation on environment and human health and taking appropriate control measures in advance are inevitable to ensure the economic growth of nations (Kaur et al., 2023). They presented three different stages through which ARIMA evolved. Many were reviewed in this study to discuss the application part based on pure ARIMA and its hybrid modelling with special focus in the field of environment/health/air quality. It was concluded that the combined models are more robust and have a higher ability to capture all the patterns of the series uniformly. Thus, combining several models or using a hybrid model has emerged as a routinised custom.
The models can be considered observationally equivalent in certain conditions where the distance between them is nearly zero. The enhancements of the frequency-specific extension were demonstrated by a comprehensive empirical analysis on disaggregated monthly shipping and foreign trade series, which also explores the relationships between the two classes of models.
Based on the distinct relationship between urbanisation and the natural environment, Lan (2023) investigated the mechanism of interaction between these two phenomena. The spectral angle mapping method was combined with the minimum distance method to create the spectral angle-minimum distance classification method for the characteristic curves of the EVI time response of the land cover. The time series data is established using a combination of the BISE and Savizky-Golay algorithms. Utilising time series data allowed for the computation of changes in urban land cover over time and space as well as the examination of the development of urban ecological environment components. Relevant development paths were suggested based on the land cover analysis of the construction of the urban ecological environment, the test of temporal and geographical consistency, and the evolution of urbanisation. The concentration of the new urbanisation comprehensive score in Hengyang City's four districts and one city demonstrated that economic development and new urbanisation construction have reached a coupling at various levels.
In order to determine which autoregressive moving average model provides the best fit and forecasting accuracy for non-negative time series in a financial setting, (Gisele et al., 2024) conducted a comparison analysis of these models. Two financial datasets were subjected to the analysis: Porto Seguro's insurance volume and Banco Bradesco's stock trading volume. The procedure involves fitting four models: Generalized Autoregressive Moving Average (GARMA), Generalized Linear Autoregressive Moving Average (GLARMA), Rayleigh Autoregressive Moving Average (RARMA), and Autoregressive Moving Average (ARMA). To identify the best model, model performance was assessed using predicting accuracy metrics and fit comparison criteria. 

According to Andrii et  al. (2024), motor vehicles, industrial operations, and the burning of fossil fuels are the main causes of air pollution, which significantly lowers the standard of living in big cities. Coal-fired and thermal power plants, which are prevalent in emerging countries, are a significant source of air pollution. Air pollution in Kazakhstan's fast-growing city of Astana is made worse by the city's heavy reliance on coal for building and heating. Improving urban development strategies that promote sustainable growth in quickly growing cities depends on this research. The study examines long-term trends in air pollutant levels, particularly PM10 and PM2.5, utilizing time series data from four monitoring sites in Astana and fractal R/S analysis. The Hurst exponents for the stations were found to be 0.723, 0.548, 0.442, and 0.462. Furthermore, the dynamic behaviour of the Hurst exponent was investigated using the flow window method. The results indicated that the pollution levels at one site exhibited long-term memory, indicating the persistence of the time series. Data from the second station showed almost random behavior, but the third and fourth sites showed anti-persistence. The October 2021 rise in pollution levels, most likely due to thermal power plants near the city, can be explained by the Hurst exponent values. Frequent pollution trends may help predict significant pollution events, and fractal analysis of time series may be used as an indicator of environmental problems in a particular area. The observation station's closeness to pollution sources may have an impact on either transient or anti-persistence pollution spikes. All things considered; the results point to the potential of fractal time series analysis as a useful instrument for tracking the condition of the urban environment.

The impact of monetary policy on domestic real investment in Nigeria, using Gross Fixed Capital Formation to Gross Domestic Product ratio as a proxy for domestic real investment was examined (Lucky et al., 2024). They also considering the influence of political biases and the fact that a significant portion of fiscal policy spending may be allocated to current expenditures rather than capital expenditures. They used various independent variables, including the maximum lending rate, credit to private sector as a percentage of GDP, naira to US dollar exchange rate, savings rate, monetary policy rate, prime lending rate, and Treasury bill rate. It was concluded that monetary policy has a significant effect on the domestic real investment rate. The mainstream economic theory suggested that fiscal policy should have a positive effect on real investment rate; this theory may be challenged in Nigeria due to the specific context and allocation of fiscal resources. 
The influence of seasonal changes on the physico-chemical characteristics of water resources quality in the western horn of the Niger Delta region of Nigeria was investigated (Efe et al., 2005). The water resources investigated were rain, open well and borehole water. The seasonal temperature variations showed the waters to be in a heterothermic phase, but values were not significantly different (P< 0.05). The pH of the water resources was acidic in nature with pH values < 5.50 at all seasons. In general, the data revealed that maxima and minima concentrations of the priority physico-chemical water quality parameters examined in the three water resources were either above or below the target water quality range (TWQR) for domestic use, making these three water resources available in the area a potential health hazard to inhabitants. The overall implication of this observation called for an urgent water resources management strategy in the area in order to circumvent the fast deteriorating water resources quality, which may pose associated health risk and environmental hazards. The effects of seasonal variations on household water security and burden of diarrheal diseases among under 5 children in an urban community, Southwest Nigeria. 
Stanislaus et al. (2024) asserted that the accurate forecasts of greenhouse gas (GHG) emissions are crucial for addressing climate change and guiding effective mitigation strategies.  They developed and tested advanced techniques to improve time series GHG emissions forecasting, addressing the limitations of existing models.  The seasonality and non-linear patterns in GHG data particular to the city of Port-Harcourt, Rivers State, Nigeria were explored by using the ETS model.  They found out that Carbon (IV) Oxide showed an upward trend in its emissions. By comparison, the ETS model outperformed ARIMA, SARIMA, Prophet and TBATS models. 
The Support Vector Machine (SVM) learning algorithm emerged as a robust tool for predicting atmospheric air temperature from historical weather data. It showcased its potential in tackling complex meteorological challenges as revealed by Alagesan et al. (2025). The advancement in predictive accuracy through SVM represents a pivotal step towards understanding, modelling, and policy-making.


2.2 Empirical Review of Literature on the Fractional Polynomial Model
In the investigation of potential predictive factors, the fractional polynomial extracts more information from such factors to improve the statistical power to detect influential variables and their interaction with treatment (Royston and Sauerbrei, 2004). The study contributed to the construction of a better forecast.
Bashiru et al. (2010) studied the non-linear trigonometric transformation and its augmented form with a second-order polynomial. The two methods were actually applied and compared using daily mean temperature data for six major Nigerian towns with differing absence of data. The results formed a basis for the evaluation of the consistency and efficiency of the models.
Non-linear growth curves were examined by Jeffrey and Ji (2010) in relation to the linear mixed model. They used fractional polynomials (FPs), which are temporal transformations with power terms that can be negative, and fractions with conventional polynomials (CPs) as a specific example to describe non-linearity. The instantaneous rate of change in models with and without static correlates was the main topic of their discussion of interpretation-related concerns. The suggested model selection methods focused on penalized and non-penalized indices of global fit derived from the fitted models and maximum likelihood. FPs and CPs of the equal and next highest order were fitted to psychological data in two empirical examples. The findings demonstrated that the FPs exhibited prediction curves with as favourable or more favourable features, such as less extreme behaviour at the boundaries of the observed time intervals, and that they fit the data as well as or better than the higher-order CPs. The findings demonstrated some of the possible benefits of FPs over CPs, such as parsimony, curve form flexibility, and asymptotic approximation. FPs may be helpful when modelling non-linear growth trends with smooth curves, even if they are not always recommended as substitutes for CPs or other transformations (such as piecewise models).

The relationship between a response variable and one or more continuous covariates is often curved. Attempts to represent curvature in single- or multiple-regression models were usually made by means of polynomials of the covariates, typically quadratics. Lower-order polynomial functions can produce only a small variety of shapes, whereas higher-order ones provide unreliable fits, especially at the edges of the values of the covariates (Patrick & Douglas, 2016). To overcome these constraints, the authors proposed a certain broad family or class of functional curves called fractional polynomials, whose power terms were restricted to a small predefined set of integer and non-integer values. The powers were selected so that conventional polynomials were a subset of the family. Regression models using fractional polynomials of the covariates have appeared in the literature in an ad hoc fashion over a long period; we provide a unified description and a degree of formalisation for them. They were shown to have considerable flexibility and are straightforward to fit using standard methods. We suggested an iterative algorithm for covariate selection and model fitting when several covariates were available. They gave six examples of the use of fractional polynomial models in three types of regression analysis: normal errors, logistic and Cox regression. The examples all related to medical data: fetal measurements, immunoglobulin concentrations in children, diabetes in children, infertility in women, myelomatosis (a type of leukaemia) and leg ulcers.

Fractional polynomials have steadily gained popularity as a tool for flexible parametric modelling of regression relationships. A post estimation tool for Fractional polynomials that allows the user to select a parsimonious fractional polynomial model according to a closed test procedure called the fractional polynomial selection procedure or function selection procedure was selected (Royston, 2017).
A number of statistical tools have been developed to deal with non-Gaussian longitudinal data, including analytic techniques to estimate parameters in both fixed and random effect models but these are limited when considering the transformed expectation of the response via a linear predictor as a functional form of explanatory variables (Ryoo et al., 2017). Fractional Polynomial Model (FPM) demonstrated a better fit and clearly showed the efficiency and flexibility of its applications. 
Regression analyses reported in the applied research literature commonly assume that relationships are linear in predictors without assessing this assumption. Fractional polynomials provide a general approach for addressing nonlinearity through power transforms of predictors using real valued powers (Knafl, 2018). An adaptive approach for generating fractional polynomial models was presented based on heuristic search through alternative power transforms of predictors guided by k-fold likelihood cross-validation (LCV) scores and controlled by tolerance parameters indicating how much a reduction in the LCV score can be tolerated at given stages of the search. The search optionally can generate geometric combinations, that is, products of power transforms of multiple predictors, thereby supporting nonlinear moderation analyses. Positive valued continuous outcomes can be power transformed as well as predictors. These methods are demonstrated using data from a study of family management for mothers of children with chronic physical conditions. The example analyses demonstrate that power transformation of a predictor may be required to identify that a relationship holds between that predictor and an outcome (dependent or response) variable. Consideration of geometric combinations can identify moderation effects not identifiable using linear relationships or power transforms of interactions. Power transformation of positive valued continuous outcomes along with their primary predictors can resolve model assumption problems.
In streaming computing, (Gao et al., 2020) discovered a piecewise polynomial fitting for time series data. An improved polynomial fitting is used to fit the input data stream after it has been dynamically segmented based on a specific residual limit. When compared to general polynomial fitting, the enhanced piecewise polynomial fitting has a lower time overhead since the polynomial fitting can reuse the intermediate solutions. 
The explicit polynomial function can replace the actual limit state function for failure probability. In this study, the fractional order is introduced to an extended family of polynomial functions to guarantee a smooth relationship between the sample data and polynomial expression (Zhou et al., 2021). The fractional polynomial method was proposed to establish the function and analyze the system’s reliability accurately and flexibly. Integer, fractional, positive, and negative orders were considered. The scope of orders, constraint conditions, and sampling method were investigated under different conditions of the proposed method. Furthermore, the calculation process for the fractional polynomial method when the approach is applied to a multivariable system was examined, and engineering examples are provided to illustrate the application of the proposed method. The fractional polynomial function could describe system performance and reliability with few terms and high accuracy. The results calculated by the proposed method agreed with those from Monte Carlo simulation.
The class of regression models incorporating Fractional Polynomials (FPs), proposed by Royston and colleagues in the 1990’s, has been extensively studied and shown to be fruitful in the presence of nonlinearity between the response variable and continuous covariates (Garcia and Trinca, 2022). FP functions provide an alternative to higher-order polynomials and splines for dealing with lack-of-fit. Mixed models may also benefit from this class of curves in the presence of non-linearity. The inclusion of FP functions into the structure of linear mixed models has been previously explored, though for simple layouts, e.g. a single covariate in the random intercept model. This paper proposes a general strategy for model-building and variable selection that takes advantage of the FPs within the framework of linear mixed models. Application of the method to three data sets from the literature, known for violating the linearity assumption, illustrates that it is possible to solve the problem of lack-of-fit by using fewer terms in the model than the usual approach of fitting higher-order polynomials.
A review is done on Fractional-Order Optimal Control Problems. The significance of fractional differential equations to model real-world systems is on the increase. This is mainly due to their potential to represent memory effects, fractal characteristics and complex or chaotic behaviour in a better way (Abd-Elmonem et al., 2023) Due to these unusual characteristics, the attention of researchers and engineers has been increasingly drawn to the application of these fractional-order models in different areas of science and technology. Methods employed for solution of such problems include the required optimality conditions to convert the original formulation into a two-point boundary value problem of non-integer order. This article looks at a number of different numerical methods used to solve FOCPs. The methods that are tested and evaluated include the Grünwald-Letnikov approximation, Adams-type predictor-corrector scheme, generalised Euler method, Caputo-Fabrizio approach, and others.  There exist algorithms that obtain approximate solutions of FOCPs. Fractional-order time delay optimal control problems where the control action is subject to a fractional time delay are examined. According to this concept, at any given point in time, the control applied might not just depend on the present state of the system only, but also on the previous state of the system at the fractional times. Thus, a fractional delayed optimal control problem is formulated with an objective to minimize certain cost functional subject to the system equation and the control input’s fractional delay. Insight into strategies for the solution of fractional order control systems applies to theory and practice.

2.3 Empirical Review of Literature on the Trigonometric Series Model
The estimate of time series with an unknown number of deterministic trigonometric components with unknown amplitudes and frequencies was examined by Damsleth and Spjøtvoll (1982). The process was carried out in steps. The optimal frequency in the sense of least squares was determined at each step using the frequency of the greatest term in the residual series' periodogram as a starting value. When examined using a multiple-test approach, the process was terminated when no further significant harmonic components were found. The sun-spot series was one of the time series on which the fitting process was tested. The deterministic model outperformed AR models for long-term sunspot series prediction.
An examination was made of the problems of estimation of the number of sinusoidal terms in a time series contaminated by additive noise with an unknown correlation structure. The approach utilizes least squares to fit sinusoidal terms and applies a high order autoregression to model the noise component. A criterion based on the minimum description length principle was used to select the number of sinusoidal terms and the order of the noise model. The small sample efficacy of the model selection procedure was examined by simulations and the analysis of some astronomical data. Consistency is proved under quite general conditions on the noise spectrum.
The harmonic model which is also known as trigonometric series model for time series data was used as the foundation for periodic regression technique (Barfari, 2002). Multiple optimisations of the outcomes produced a model that was simple to use and could predict the information that was underpinning it. The outcomes seemed especially superior when compared to other methods in the literatures and the model was free from limitations characteristics of other methods. 

The prediction precision of some non-linear and linear models for overall retail trading were evaluated with the consideration of several classical intermittent projection methods which utilized seasonal dummy parameters and trigonometric functions in both time series and regression approaches (Chiny-wu and Guoqiang, 2003).  Hence, the trigonometric regression constructed from deseasonalised time series information constituted the absolute optimal approach.
The traditional model of discrete periodic time series and the additive Fourier series were improved upon by breaking down of the time series into additive trend, seasonal components, and additive error components in addition to the multiplicative trend (Ekpenyong, 2008).  He used the model to analyse the rainfall data from Uyo metropolis and the model has a good fit,  with good predicted values.   

The annual rainfall in Nigeria was examined with power spectral analysis and the result over a 67- year period revealed that the Benin synoptic station exhibited significant spectral peaks at 6.7, 4.6 and 3.7 – year periodicities (Adejuwon, 2010). At the station, the periodicity of 3.7 was found to be the most prominent peak, even though, the other spectral peaks at Warri were significant at 4.6 and 3.7 years.  Forcados, on the other hand, showed an individual noticeable spectral maximal with a 3.6 year period, leading to a conclusion that periodicities were clearly visible with noteworthy periods ranging from 3 to 6 years.  Despite the good results obtained with this research, the value of the amplitude and phase were not obtained and hence, the decision about the trough and peak of the series is unqualifiable.
In the economic sector, the Fourier series analysis have been applied to study he inflation rates and the forecast values show a positive correlation (Chukwuemeka et al., 2013, Omekara et al., 2013).  The SARIMA and SARIMAX models were used to analyse and forecast inflation in Nigeria with the monthly dataset of consumer price index (Dogwu and Alade, 2013).  The Peridogram and Fourier Analysis were applied to find the inflation cycles, fitting an appropriate model and hence, predicting the future values by using the inflation rates (2003 - 2011) extracted from the Central Bank of Nigeria Statistical Bulletin (Ekpenyong et al., 2014). The results showed that the data were fitted with a suitable Fourier series model that included trend, seasonal, and error components. It also showed a positive comparison between the forecast and the actual values for the same period.
The curiosity to improving medical sciences and good health care delivery prompted the application of Fourier regression approach to investigate data in cycles with the identified periodicities (Fulfold, 2014).  He offered a simple gauge of cyclical oscillation that can be applied to a wide variety of situations and the approach was found helpful.   The trigonometric regression model was applied to 55 years of multiple sclerosis relapse data from 46 clinical centres spread over 20 countries to assess the correlations, account for significant cofounders, and offer a degree of confidence regarding the plausibility of these relationships (Spelman et al., 2015).  The synchronization of graphing techniques with regression modelling made it possible to conclude about the independent influence of both season and latitude in predicting relapse onset timing in multiple sclerosis.  The results showed that there exist a relationship within the series, the variation in the response explained by the trigonometric predictors was 89% but the residual and test of hypothesis were not taken into the consideration.

The rainfall is a highly complex and non-linear phenomenon that requires sophisticated and contemporary models to predict with any degree of accuracy. The Nigerian rainfall data from 1982 to 2012 were analysed using ARIMA, fuzzy time series model, and Theil’s regression (Olatayo and Taiwo, 2014).  The results indicated that the fuzzy time series model outperformed ARIMA (1,2,1) and the  Theil’s regression based on out-of-sample prediction and a few metrics for evaluating forecasts such as MAE, RMSE and MAPE.
In the Valdai Hills, the 40-year metrological data of temperature and rainfall were observed and analysed using the periodic and cyclical components of time series as a classic seasonal decomposition and Fourier analysis (Gazaryan et al., 2018).  They examined how the length of the smoothing interval affected the obtained OLS estimates of linear regression models of meteorological parameters.  Their findings allowed for the detection and analysis of cyclical variations in the temperature and rainfall time series, which have respective periods of 8 and 3 years and 3.5 and 10.5 years.

The Trigonometric regression model with discrete observation time and open convex parametric set were studied in obtaining the requirements to regression function and time series that simulates the random noise under which the least squares estimator of regression model parameters are asymptotically normal (Drabyk and Ivanov, 2019). For obtaining the, results complicated concepts of time series theory and Statistics were used such as local transformation of Gaussian stationary time series, stationary time series with singular spectral density, spectral measure of regression function, admissibility of singular spectral density of stationary time series in relation to this measure, expansions by Chebyshev-Hermite polynomials of the transformed Gaussian time series values and its covariances, central limit theorem for weighted vector sums of the values of such a local transformation and Brouwer fixed point theorem.
The fractional trigonometric polynomial regression model's parameter estimate was the focus of research (Taiwo et al., 2020). The results demonstrated that the dependent variable was explained by the independent variables, as indicated by the coefficient of determination values, and that the model had a high degree of predictive power and a good fit, as indicated by the adjusted R2 value. 
Neural time-series analysis has traditionally focused on modelling data in the time domain, often with some approaches incorporating equivalent Fourier domain representations as auxiliary spectral features. In this work, we shift the main focus to frequency representations, modelling time-series data fully and directly in the Fourier domain. We introduce Neural Fourier Modelling (NFM), a compact yet powerful solution for time-series analysis. NFM is grounded in two key properties of the Fourier transform (FT),which are the ability to model finite-length time series as functions in the Fourier domain, treating them as continuous-time elements in function space, and the capacity for data manipulation (such as resampling and timespan extension) within the Fourier domain (Minjung et al., 2024). They reinterpreted Fourier-domain data manipulation as frequency extrapolation and interpolation, incorporating this as a core learning mechanism in NFM, applicable across various tasks. To support flexible frequency extension with spectral priors and effective modulation of frequency representations, we propose two learning modules: Learnable Frequency Tokens (LFT) and Implicit Neural Fourier Filters (INFF). These modules enable compact and expressive modelling in the Fourier domain. Extensive experiments demonstrate that NFM achieves state-of-the-art performance on a wide range of tasks (forecasting, anomaly detection, and classification), including challenging time-series scenarios with previously unseen sampling rates at test time. Moreover, NFM is highly compact, requiring fewer than 40K parameters in each task, with time-series lengths ranging from 100 to 16K. 

 A finite trigonometric series model for seasonal time series was considered in this paper for the modelling of time series with two types of seasonality, a long-period and a short period. This component model was also shown to be effective in the case of ordinary seasonal time series with only one seasonal component, if the seasonal pattern is simple and can be well represented by a small number of trigonometric components (Genshiro and Kitagawa, 2024). 


2.4 Empirical Review of Literature on the Non-Linear Mixed Models
Woodward and Gray (1995) in their work noted that the evidence of increase in temperature all over the world requires accurate estimation of time trend, with possible seasonality and structural breaks. This is still an open issue among climatological researchers.  Gil-Alana (2018) in the analysis of the annual maximum and minimum temperatures in the United States over the period 1895 to 2017 (using only January observations to form these annual series), showed a significant positive trend, however, the Diurnal Temperature Range (DTR) indicated negative trend which implied that the minimum temperature is increasing faster than the maximum temperature. Hansen and Lebedeff (1988) revealed that the analysis of obtained global temperature data requires accurate estimation in order to be able to decipher correctly the future temperature trends. 
According to the Intergovernmental Panel on Climate (IPCC, 2007), climate change is defined as a shift in the climate that lasts for a long time, usually decades or more, and can be detected (for example, through statistical tests) by variations in the mean and/or variability of its properties.
Higher growing temperature can significantly affect agricultural productivity, farm income and food security. The effect differs across temperate and tropical areas. In mid and high latitudes, the suitability and productivity of crops are projected to increase and extend northwards while the opposite holds for most countries in tropical regions (Gornall et al., 2010). They find that a 2oCelsius rise in temperature in mid and high latitudes could increase wheat production by about 10 percent while in low latitude regions, it could reduce by the same amount. Their projection, taking the effect of technology into account, found that rising temperature in Russia Federation could increase wheat yield by between 37 and 101 percent by 2050s.
Oguntunde et al. (2012) examined pan evaporation data as an example of the detection and attribution of trends in climate variables. Records of pan evaporation (Epan), rainfall (R), radiation (SR), wind speed (WS), temperature (Ta) and humidity (RH) for the period 1973–2008 were collected from the International Institute of Tropical Agriculture (IITA) in Ibadan, Nigeria. Mann–Kendall trend and Sen’s slope tests were performed on the respective meteorological variables and a variability index (VI) was also computed for these. The results showed that annually Epan, SR and WS significantly decreased (P <0.001) while R, Ta, and RH showed insignificant increasing trends in the last four decades. Epan and SR decreased at the rate of 8.3 mm year−2 and 37.8 MJ m−2 year−1, respectively. Similar to Epan, SR decreased significantly in all the months (P <0.01) and the reduction ranged from 5.1% per decade in March to 9.3% per decade in August. The result of VI showed that the decrease in Epan and other explanatory variables is rather recent. Regression between Epan and other variables indicates that about 30, 15 and 6% of its variance can be explained by SR, WS and VPD (vapour pressure deficit), respectively. The dust-haze known as ‘harmattan’ winds and monsoon clouds played roles in attenuating SR and hence, reducing Epan.
Long-term changes in weather patterns and temperatures are referred to as climate change. Although these changes may be natural, human activity has been the primary cause of climate change since the 1800s. This is mainly because burning fossil fuels, such as coal, oil, and gas, releases gases that trap heat (United Nations, 2013). 
There are two primary causes of climate change: anthropogenic human activity and biogeographical natural processes (Ojekunle et al., 2014). Solar radiation quantity (sunspots), quality (ultraviolet radiation change), and meteor (emphasised mine) are examples of extraterrestrial or extragenic factors. The planet's surface warms as a result of high solar quality, quantity, and perihelion (the time when the Earth is closest to the Sun), which causes global warming. Global cooling occurs when low solar quality and quantity are combined with the Earth's constant low incident radiation during aphelion, when the Earth is furthest from the Sun. Global warming and cooling are also caused by volcanic eruptions. Numerous gases, vapours, and particulates are released into the atmosphere during volcanic eruptions. These emissions affect the chemistry of the atmosphere, causing the atmosphere to warm over time and cool temporarily. The Krakatoa eruption in 1883, Mount Agung in 1963, Mount Pinatubo in 1992, and numerous more recent occurrences are notable instances of such massive eruptions.
The Polynomial-Fourier series model was used by (Tsai et al., 2016) to analyse and forecast building electricity use. The activities of a building's users are the primary determinants of its electricity consumption, they found. These activities can be irregular (e.g., installation of new electrical fixtures or power failures) or periodic (e.g., seasonally determined heating or cooling or low usage during weekends or holidays). Chronic variables like equipment aging or climatic change may have an impact on the trend of power usage. 
In the research to evaluate the differences in performance between the wavelet model and ARIMA, the Fourier model was employed, (Iwok and Udoh, 2016).  They considered CPI series to apply the techniques, by combining the linear and sinusoidal parts within the series that resulted to ARIMA-Fourier approach and it was found to fit the data well.
A study carried out by Ogbuabor and Egwuchukwu (2017) shows climate change has an impact on growth of the Nigerian economy. We applied ordinary least squares estimation technique and data for the 1981-2014 period. According to our economic impact analysis, climate change was represented by changes in annual rainfall, carbon emissions, and forest depletion, whereas the control variables include changes in government expenditure, domestic private investment and exchange rate. Based on the results, both in the long run and the short run, carbon is harmful to growth. Furthermore, the depletion of forests has a negative impact on short-run growth. The Nigerian government should evolve and implement broader policies for carbon emission reduction and forest depletion control. Nigeria needs a National Climate Change Commission that will be tasked with all issues relating to climate change. Furthermore, the finding that domestic private investment and naira-to-dollar exchange rate impede growth in Nigeria means that policymakers and governments at all levels in Nigeria should evolve and implement policies to reverse these undesirable outcomes. 
The Fractional Polynomial regression approach, a type of regression analysis where the relationship between the independent and dependent variables was treated as a 1/nth degree polynomial, was proposed by (Kazeem et al., 2018). Lagged Fractional Polynomial Regression (LFPR), an extension of Fractional Polynomial Regression (FPR), was proposed as a different approach to conventional methods for analysing the pattern and degree of interaction between two or more continuous non-linear data. The Maximum Likelihood Estimation method was used to estimate the coefficients of the suggested approach. Based on the findings, the LFPR model predicted that the annual millimetre rainfall series will rise for every unit increase in temperature, humidity, and evaporation. The LFPR and FPR had coefficients of variation (R2) of 99% and 77%, respectively. In contrast, the LFPR and FPR had corrected coefficients of variation (R2) of 96% and 75%, respectively. Therefore, according to the values (R2) and adjusted (R2), the suggested approach performed better than Fractional Polynomial Regression and more effectively explained the variation in the dependent variable.
The cyclic economic variables like interest rates, stock market indices and measurements of national output were analysed using the proposed Fourier Vector Autoregressive model (Szulezyk and Sadique, 2018). The results revealed that forecasting techniques that do not include the cyclical components produce imprecise predictions outside of the sample and the Vector Autoregression with cyclical components improved the root mean square error (RMSE) of out-of-sample forecasts by 50%.
According to a review by (Taiwo et al., 2019), the most popular methods for modelling and forecasting periodic climatic time series are unable to handle the periodic variability that defines it. They were able to examine periodic variability by putting the Fourier Autoregressive model into practice. The Periodic Autocorrelation function (PeACF) and Periodic Partial Autocorrelation function (PePACF) were used to choose the FAR(1), FAR(2), and FAR(2) models from the data. A Discrete Fourier transform estimation approach was used to estimate the coefficients of the tentative model. Based on the lowest Periodic Akaike (PAIC) and Bayesian Information criteria (PBIC) values, FAR(1) models were selected as the best model. White noise was identified as the residual of the fitted models. The out-of-sample forecast had a continuous periodic forecast from January 2019 to December 2020 with relatively small values of Periodic Root Mean Square Error (PRMSE), Periodic Mean Absolute Error (PMAE), and Periodic Mean Absolute Percentage Error (PMAPE). The continuous monthly periodic rainfall forecast showed that there would be rapid climate change in Nigeria in the coming year and advised that the Nigerian government needed to put plans in place to curtail its effects. The FAR(1) model forecast outperformed the other models as it displayed a continuous periodic forecast.

By combining the function of cos(nx) and sin(nx) on the value of natural numbers, (Taiwo et al., 2019) investigated a type of non-linear regression known as trigonometric polynomial regression, in which the relationship between the outcome variable and risk variable is fractional modelled as 1/nth degree polynomial regression. The link between three continuous and periodic variables was examined using the model. The Maximum Likelihood Estimate (MLE) approach was used to estimate the model's coefficients. Based on the findings, the model created suggested that while age may or may not affect blood pressure, a higher body mass index will raise blood pressure levels. Both the modified coefficient of determination and the coefficient of variation values demonstrated that the independent variables adequately explained the variation in the dependent variable, and that the model had a high degree of predictive power and a good fit.

Ogunsola and Yaya  (2019)  used the monthly maximum and minimum temperature data for the South-western region of Nigeria (January, 1979 – December, 2014) obtained from the Nigerian Meteorological Agency (NIMET), Lagos were analysed for their time trends, seasonality and persistence using standard statistical procedures including the fractional integration approach. The results of analyses obtained showed that significant positive time trend coefficients were obtained for the minimum temperature, while negative coefficients were obtained for the DTR at the stations considered, which implied that global warming is also being experienced in this region of the country.
The focus on climate change in these recent times is because of the threat that it poses to food insecurity, the environment and humanity especially in developing countries (Intergovernmental Panel on Climate Change [IPCC] 2014; Firdaus et al., (2019); Obisesan and Chitakira, (2020); Siamabele, (2021); Borras et al., (2022)). Again, there is growing interest in climate change issues due to the continuous increase in Greenhouse Gas (GHG) concentration in the atmosphere. It was noted that the frequency and intensity of climate change and resulting impacts are more prevalent in South Asian countries, particularly in Bangladesh. Relative humidity (RH) is a crucial aspect of climate, and higher RH variability has far-reaching impacts on human health, agriculture, environment, and infrastructure (Habeeb et al., 2024). While temperature and rainfall have gained much research attention, RH studies have received scant attention in the research literature. This study investigated the trends and variability of RH levels in Bangladesh and the influence of other meteorological factors over the past 40 years. The variabilities in the meteorological factors were identified by calculating descriptive statistics. Innovative trend analysis (ITA) and Mann-Kendall test (MK-test) methods were utilized to assess monthly, seasonal, and annual trends. The magnitude of temperature, rainfall, and windspeed influences on RH variability were identified using Pearson’s correlation, Spearman rank correlation, and Kendall correlation model. Variability analysis showed higher spatial variations in RH levels across the country, and RH skewed negatively in all stations. Results reveal that daily, monthly, seasonal, and annual trends of RH exhibited positive trends in all stations, with an increasing rate of 0.083–0.53% per year in summer, 0.43–0.68% per year in winter, and 0.58–0.31% per year in the rainy season. Both ITA and MK-test provided consistent results, indicating no discrepancies in trend results. All three models indicate that temperature, rainfall, and wind speed have weak to moderate positive influences on changing RH levels in Bangladesh.
A model that described and modelled soil radon time series was presented by Muhammad et al., (2020). The suggested hybrid regression model effectively represents general PDE of radon soil dynamics and boundary conditions by capturing and forecasting radon seasonal anomaly and depth profile. To forecast and optimise the model output, a Monte Carlo simulation route within ±2σ of the regression curve is used for the model forecast. Malik (2020) outlines the procedures required to properly develop a Monte Carlo simulation engine using the Python programming language. To assist consumers in deciding which option to invest in, the study uses Monte Carlo simulation to estimate the stock price of a European call option. The simulation's output was a collection of stock prices and an average of the payments that came close to the real option price.

The fractional trigonometric polynomial regression was used to analyse the relationship between three continuous and periodic variables and the results obtained indicated that an increased body mass index will increase the level of blood pressure, while age may or may not have an influence on the blood pressure level (Taiwo et al., 2020).  The values of the adjusted coefficient of determination showed that the model had a good fit with a high level of predictive power.
In order to gather and forecast time series data, Danbatta and Varol (2021) employed a hybrid Polynomial-Fourier series model, which combines Fourier and polynomial fitted. Diagnostic tests revealed that the model achieved a statistically excellent match when applied to monthly international visitor data from January 2014 to August 2020. To enhance the model forecast, a Monte Carlo simulation scheme was used, and the results were statistically acceptable.
Margaret et al. (2022) investigated the effects of climate change variables on food production in Ghana from 1970 to 2019. The results revealed that temperature is inimical to overall food production, maize and roots and tubers production while precipitation is good for cereal and maize production. Furthermore, Carbon dioxide (CO2) emissions impact maize production negatively. The frequency-domain causality test reveals that CO2 Granger causes food production in the long-run. The results suggest that high temperature is harmful to over all food production and some selected crops in Ghana. From a policy perspective, efforts to develop temperature-resilient crops, especially maize, roots, and tubers are necessary to improve food production in Ghana. In addition, there is the need to improve adaptation strategies to reduce the adverse effects of climate change on the food production.
For complex time series data, Gholamreza et al. (2023) estimated the parameters of the nonlinear model using an exponential autoregressive model. The quantile-based estimate technique has the advantage of being more resilient than least/absolute squares, and a three-step process based on quantile methodologies was used. Using four recognized goodness-of-fit criteria, the performance of the presented exponential autoregressive model was assessed. A comparison examination combining simulation studies with real-world data examples demonstrated the innovative time series model's practical effectiveness.
The automatic categorization and mapping a large range of crops is extremely difficult in Asia due to the region's different climates and farming traditions (Pavan et al., 2024). The current approaches frequently fail to take this heterogeneity into consideration, producing crop maps that are erroneous. To overcome this constraint, this study suggested a unique method that makes use of dynamic time warping (TWDTW) analysis of time series multispectral data. They used Sentinel-2 satellite data from 2019 to 2022 to concentrate on the Kanigiri region of the Prakasam district in India. 
According to the Royal Society (2024), Carbon Dioxide (CO2) and other air pollutants build up in the atmosphere and absorb solar radiation and sunlight that has reflected off the earth's surface, causing global warming. The term "greenhouse effect" refers to the effects of these heat-trapping pollutants, which include carbon dioxide, methane, nitrous oxide, water vapor, and synthetic fluorinated gases. Carbon dioxide (CO2), Methane (CH4), Nitrous Oxide (N2O), Hydro fluorocarbons (HFCs), Perfluorocarbons (PFCs), Chlorofluorocarbons (CFCs), and Sulfur hexafluoride (SF6) are examples of Greenhouse Gases (GHGs). 
Recent global warming has affected agricultural productivity, resulting in a decline in food production, according to evidence from previous research and the literature (Kurukulasuriya and Mendelsohn, 2006; International Institute for Sustainable Development (IISD), 2007; Lobell et al., 2008). According to projections, climate change may pose a greater danger to the world's ability to meet its food needs over the next 50 years or so than other limitations on agricultural systems (IPCC, 2007; BNRCC, 2008). In particular, population, income, and economic growth may all have an impact on how severe the effects of climate change are on hunger, food security, and nutritional sufficiency. Human consequences are expected to be more severe in a poorer world if climate change has a negative impact on agriculture.  Wolfe et al., (2005), Stige (2006), and Orindi et al., (2022) worried that rising demand for food over the next century, due to population and real income growth, will lead to increasing global food scarcity, and a worsening of hunger and malnutrition problems particularly in developing countries.




CHAPTER THREE
MATERIALS AND METHODS
In this Chapter, we considered the different models used for this thesis as materials. For the methods, these models were combined together to develop a new model and then discussed the properties of the newly developed model and its parameter estimation.
3.1 Materials
3.1.1 The Polynomial Regression Model 
The polynomial regression model is defined as 
                                                                                          
where  is the dependent variable,  is a constant,  ’s are the coefficients, while t is the time and independent variable and  is the error term.
3.1.2 Fractional Polynomial Regression Model
Fractional polynomials are mathematical functions that generalise polynomial expressions by allowing fractional exponents. These polynomials can model non-linear relationships more flexibly than traditional polynomials and are particularly useful when the relationships in the data are not strictly linear.  In time series models, fractional polynomials can be used to transform or modify data to better fit observed trends or cyclical behaviour.
A generalisation of the Polynomial function is called the fractional polynomial, which was proposed by Royston and Altman (1994) and Royston and Sauerbrei (2008): 
                                                                                         
                                                                                                     
where ,  …are the exponents,  are the coefficients or parameters to be estimated and  is the error term. 
In this study, the independent variable is time, t and hence, the equation (3.3) is modified as
                                                                                          
                                                                                                            
Where  can be fraction or integer, 
For order 3,
 
3.1.3 Trigonometric Regression Model
A Sinusoidal time series trigonometric regression model is defined as
                                                                                 
where the frequency,  is the dependent variable,  is the index time, is the uncorrelated error term and , and  are the parameters to be estimated. 


3.1.4 Autoregressive Model
Autoregressive models have been fundamental in time series forecasting and analysis. In these models, the current value of the time series is explained by a linear combination of its previous values
                                                             
Where  are autoregressive coefficients (or parameters) of the model that will be estimated and  is a white noise.
Classical autoregressive models (such as AR, MA, and ARMA) assume linear relationships, which can be limiting for data that exhibit non-linear or cyclical patterns. Other challenges of classical models are the seasonality and cyclic behaviour that time series data, such as temperature, economic indicators, and sales, often show. Classical models may struggle to account for these periodic patterns in a straightforward way. Real-world processes may exhibit more complex dynamics than can be captured by simple linear relationships.
3.2 Methods
The materials were considered and the method for this research work was formulated.
3.2.1 A Fractional Polynomial Trigonometric Autoregressive Time Series Model 
In this study, a fractional polynomial, trigonometric and autoregressive time series regression model was combined to explore the beauty of the integrated model in the estimation of variations that affect the time series dataset in recent times, as it has been noted that various factors affect the pattern of time series dataset and consequently, they affect the efficiency of the model and the accuracy of the predictions. 
The fractional polynomial trigonometric autoregressive time series regression model can be formulated:
                                                                                                                       
where, ,   and  are the parameters to be estimated. 
The equation (3.9) can be rewritten as: 
 
In the study, different methods of parameters estimation such as Least Square, Maximum Likelihood will be employed and the Box-Jenkins methodology will be used for the most suitable model formulation. The Box-Jenkins approach comprises four steps: identification of process, estimation of parameters, verification and forecasting.
3.2.2 Procedures of Model Formulation 
The model formulation requires four stages or procedures which include identification, estimation, diagnostic and validation and forecasting.
Identification: the spectral estimates, autocorrelation functions and partial autocorrelation functions would be used to identify the order of the model.
Estimation: parameters of the model will be estimated using the Ordinary Least Squares method and the method of Maximum Likelihood Estimation.
Diagnostic and Validation: the model will be diagnosed using the histogram of residuals and the autocorrelation functions of the residuals. For validation, mean squared error (MSE), coefficient of determination, R2 and the adjusted coefficient of determination were utilised.
Forecasting: the model would be used to obtain in-sample forecasts and out-sample step ahead forecast in order to show the accuracy of our forecast using the Root Mean Square Error (RMSE), Root Absolute Percentage Error (RAPE) and the Mean Absolute Error (MAE).
3.2.3 Model Identification
The exploratory data analysis would be used to identify the order of the model by considering the time plot visualisation, autocorrelation, partial autocorrelation, coefficient of determination, adjusted coefficient of determination and spectral estimates.
3.2.4 Model Estimation
3.2.4.1 Parameter Estimation of Fractional Polynomial using Maximum Likelihood Estimation
Recall that the equation (3.6) is:
        
Then, the sum of squares of the error is given by,                                                            
                                                                     
where  and  and 
       The probability density function of a normal distribution is given by
                                                                                                    
where and 
Then, the joint probability density function of a normal distribution is given by
                                                                
Taking the logarithm of both sides, we have
                                                   
Note that 
Then, take the natural logarithm of the joint probability density function,
          
To estimate the parameter one after the other, we take the partial derivative of the joint probability density function, , with respect to the concerned parameter and set all other parameters constant. Then, we equate the partial derivative to zero. 
                                                                                                      
Partial differentiation with respect to  gives
                           
By equating (3.17) to zero we have
                                                                      
Partial differentiation with respect to  gives, 
                                
By equating (3.19) to zero, we have
                                                                            
Also, partial differentiation with respect to  gives,
                  
By equating (3.21) to zero, we have
                                        
Partial differentiation with respect to  gives,
                      
By equating (3.23) to zero, we have
                                                      
Lastly, partial differentiation with respect to  gives,
                      
By equating (3.25) to zero, we have
                                                      
Equations (3.20), (3.22), (3.24) and (3.26) form a system of equations and can be expressed in a matrix form to obtain
                                                       …

                                     
Therefore,
                                       

3.2.4.2 Parameter Estimation of Autoregressive Model using Maximum Likelihood Estimation (MLE) Method
                                                             
where  are the autoregressive coefficients (or parameters) of the model that will be estimated and  is a white noise.
The likelihood function, 
  
Taking the natural logarithm of equation (3.31) gives                                                                                                                               
                                                                                                                                  
The partial differentiation of equation (3.32) with respect to  gives,
           
                                              
Therefore,
                                         
The partial differentiation of equation (3.32) with respect to  gives,
      
Equating equation (3.36) to zero, yields
    
Taking the summation over each of the terms in equation (3.37), gives           
      
           
The partial differentiation of equation (3.32) with respect to  gives,
 
Equating equation (3.40) to zero, yields
                     
      
           
Also, the partial differentiation of equation (3.32) with respect to  gives,
 
Equating equation (3.43a) to zero, yields
                     
      
           
Lastly, the partial differentiation of equation (3.32) with respect to  gives,
 
Equating equation (3.48) to zero, yields
                    
     
          
Combining the equations (3.39), (3.43) (3.47), and (3.51) as a system of equations and then re-write in a matrix form
           
And 
             (3.53)
Therefore,
          (3.54)
3.2.4.3 Parameter Estimation of Autoregressive Model using Ordinary Least Squares (OLS) Method
Recall that the  equation (3.8) is given by:
 
where the  are the autoregressive coefficients (or parameters) of the model that will be estimated and  is a white noise.
 
  
                               
                     
   
Again,
 
Equating equation (3.58) to zero, yields
 
           
Also, 
           
In the same manner, the last differentiation will give:
               
By combining the equations (3.57) - (3.62) as a system of equations and then re-write in a matrix form:
          (3.63)
and 
             (3.64)
          (3.65)

3.2.4.4 Parameter Estimation of Trigonometric Time Series Model using Ordinary Least Squares Method
Recall that equation (3.5) was given as:
 
Then, the sum its sum of squares of error is written as,
                                                                        
The partial differentiation of equation (3.66) with respect to  gives,
 
 
                                                                       
The partial differentiation of equation (3.66) with respect to  gives,
 
 
            
Lastly, the partial differentiation of equation (3.66) with respect to  gives,
 
 
        
By combining equations (3.67) to (3.69) to form a system of equations and then write in matrix form as follows:
      (3.70) 
Therefore,
  (3.71)


3.2.4.5 Parameter Estimation of Fractional Polynomial Trigonometric Model using Ordinary Least Squares Method
                                                        
                                          
The partial differentiation of equation (3.73) with respect to  gives,
 
 
                  
Also, the partial differentiation of equation (3.73) with respect to  gives,
       
 
     The partial differentiation of equation (3.73) with respect to  gives,
 
 

 								                          (3.76)
The partial differentiation of equation (3.73) with respect to  gives, 
 
 
Therefore,

  							 	                          (3.77)
The partial differentiation of equation (3.73) with respect to  gives, 
 
 
                                                                   (3.78)
Lastly, the partial differentiation of equation (3.73) with respect to  gives,
 
 
                                                                 (3.79)
By combining equations (3.74) to (3.79) to form a system of equations and then write in matrix form as follows:



3.2.4.6 Parameter Estimation of Fractional Polynomial Autoregressive Model using Ordinary Least Squares Method
                
  
The partial differentiation of equation (3.83) with respect to  gives,
  
 
 
The partial differentiation of equation (3.83) with respect to  gives, 
 
   
                                                                                                                                                       
The partial differentiation of equation (3.83) with respect to  gives, 
 
 
                                                                                                                                                       
The partial differentiation of equation (3.83) with respect to  gives, 
 
  
                                						  (3.87)
The partial differentiation of equation (3.83) with respect to  gives, 
 
 
                                                            (3.88)
The partial differentiation of equation (3.83) with respect to  gives, 
 
 
                                                            (3.89)
The partial differentiation of equation (3.83) with respect to  gives, 
 
 
                                                            (3.90)
The partial differentiation of equation (3.83) with respect to  gives, 
 
 
                                                            (3.91)  
By combining equations (3.84) to (3.91) to form a system of equations and then write it in a matrix form as follows:
          
        
3.2.4.7 Parameter Estimation of Trigonometric Autoregressive Model using Ordinary Least Squares Method
                        
     
The partial differentiation of equation (3.95) with respect to  gives,    
                
 
         
The partial differentiation of equation (3.95) with respect to  gives,    
 
 
                                                                                                                                                                                     
The partial differentiation of equation (3.95) with respect to  gives,    
 
 
                                                                                               
The partial differentiation of equation (3.95) with respect to  gives,    
 
 
                                                                                            
The partial differentiation of equation (3.95) with respect to  gives,    
 
 
                                                                                                       
The partial differentiation of equation (3.95) with respect to  gives,    
 
 
                                         
The partial differentiation of equation (3.95) with respect to  gives,    
 
 
                                    
By combining equations (3.96) to (3102) to form a system of equations and then write in matrix form as follows:
 


                                                                                                                           (3.104) 
Where,
 ,        and 

 


3.2.4.8 Parameter Estimation of Trigonometric Fractional Polynomial Autoregressive Model using Ordinary Least Squares Method
                                                                                                                                         
                                                                                                 
The partial differentiation of equation (3.106) with respect to  gives,                                                                                                                
 
 
    
The partial differentiation of equation (3.106) with respect to  gives,                                                                                                                
 
 
                                 
The partial differentiation of equation (3.106) with respect to  gives,                                                                                                                
 
 
  
The partial differentiation of equation (3.106) with respect to  gives,                                                                                                                
 
 
                                            
The partial differentiation of equation (3.106) with respect to  gives,                                                                                                                
 
  
                             
The partial differentiation of equation (3.106) with respect to  gives,                                                                                                                
 
 
                              
The partial differentiation of equation (3.106) with respect to  gives,                                                                                                                
 
 
                  
The partial differentiation of equation (3.106) with respect to  gives,                                                                                                                
 
 
                       
The partial differentiation of equation (3.106) with respect to  gives,                                                                                                                
 
 
                                                                                    
The partial differentiation of equation (3.106) with respect to  gives,                                                                                                                
 
 
                                                                                    
By combining equations (3.107) to (3.116) to form a system of equations and then write in matrix form as follows:
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where,

  

Therefore, 
                                                      
 






Equation (3.117) can be represented as follows:
                                                                                                           (3.119)
,          and 



3.2.5 Model Evaluation and Validation Metrics
3.2.5.1 Durbin Watson Statistic
The  is the residual for the observations at time t, and the Durbin-Watson test statistic is expressed as:

T represents total number of observations.  We must note that the sample size can be linearly mapped to the Pearson correlation time-series data with its lags if it is large (Durbin, 1950). As d is roughly equivalent to 2(1 - r), where r represents the residuals' sample autocorrelation, d equals to 2 denotes the absence of autocorrelation. D's value is consistently between 0 and 4.  Positive serial correlation is demonstrated if Durbin-Watson statistic is significantly less than 2. 
Generally speaking, there may be reason for concern if Durbin-Watson, d is less than 1.0. The small value of d shows that there is a positive correlation or an average closeness in the value between the successive error terms.  An underestimate of the degree of statistical significance may result if d is greater than 2, meaning that successive error terms are, on average, substantially different from one another in value (Gujarati 2009; Durbin, 1951).
3.2.5.2 ACF of Plot of the Residuals
When dealing with the time series data, there is a good chance that a variable's value observed in one period will resemble that of the previous period, or even the one before that, and so on. Consequently, autocorrelation in the residuals is a common finding when fitting a regression model to time series data. To define the ACF,

3.2.5.3 Histogram of Residuals
To verify that the residuals are normally distributed is always important and to accomplish this, a histogram of the residuals will be built for the purpose.
3.2.5.4 The Coefficient of Determination  and the Adjusted Coefficient of Determination for Fractional Polynomial Trigonometric Autoregressive Model  
 is a measurement utilized for explaining level of variability in the independent variables collectively account for the dependent variable. 
The coefficient of determination for Fractional Polynomial Trigonometric Autoregressive Model (R2) is defined by 
                                                                                                                                                                                                                       
 
                      
                                                                                                                                                                                                                                                                                          
where,    
Hence, the coefficient of determination becomes
                                                                                                                                                                                                                              
Also, the adjusted coefficient of determination is
       
The adjusted coefficient of determination ascertains the predictive ability of the proposed TFPAR model.                                                                                                                                                                                                                           
3.2.6 Forecasting
Forecasts fall into two categories: within and out points forecast. Forecasting aims to make predictive outcomes using. 
The forecasted values from the proposed model will be obtained and the performances will be measured by using RMSE, MAE and MAPE. 

3.2.6.1 The Root Mean Square Error (RMSE)
It is a performance measure defined as the square root of the expectation of the squared difference between predicted and actual values.  It is commonly used to assess the accuracy of parameter estimates.  A zero value indicates that the predicted and actual values match precisely. A low RMSE values show that the model makes more accurate   fits the data well while on the other hand, the higher levels imply more significant mistakes and fewer accurate forecasts.
3.2.6.2 The Mean Absolute Error (MAE)
It is a measure of the average size of the mistakes in a collection of predictions, without considering their direction (decrease or increase).  It is used to assess the effectiveness of a regression model.
3.2.6.3 The Mean Absolute Percentage Error (MAPE)
It measures the average magnitude of error produced by a model or how far off predictions are on average.
	











CHAPTER FOUR
RESU LTS AND DISCUSSION
In this chapter, the results of the data analyses are discussed to assess the efficiency of the newly developed model using Nigerian yearly temperature and carbon (iv) oxide emissions data as extracted from the Nigeria Meteorological Agency database.
4.1 Data Exploration for Nigerian Temperature
The descriptive statistics shows that the temperature ranges from 26.59oC to 27.86oC and the mean temperature over the period is 27.31oC.  The standard deviation of 0.29oC indicates a low variability. The time plot in Figure 4.1 shows the fluctuations in the temperature dataset and Figure 4.2 shows the visual inspection of the dataset which reveals the long term trend in temperature using a 5-year rolling mean.  The temperature fluctuates slightly but shows an overall gradual increase over the years. There are some dips and peaks which could indicate the periodic variations which also signified the non-stationarity of the dataset.  


[image: IMG_256]

Figure 4.1: A Time Plot of the Nigerian Temperature Data between 1990 and 2022
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Figure 4.2: A Graph of Long-Term Temperature Trend 

4.2 Model Identification for Nigerian Temperature
For the stationarity test, the Augumented Dickey-Fuller (ADF) has its Test Statistic to be -5.71 with an extremely low P-value of  after the second-order differencing of the original dataset. The P-value result that is less than, indicates that the dataset is stationary after the second-order differencing and hence, suitable for time series modelling as shown in Figure 4.3.
The Autocorrelation Function (ACF) in Figure 4.4 shows a strong positive correlation at lag 1 which gradually decreasing over time.  This suggests a non-stationary trend and it implies that the past values strongly influence the future values. The Partial Autocorrelation Function (PACF) in Figure 4.5 shows a significant spike at lag 1 to 6 and a slow decline afterwards indicate the presence of Autoregressive model of orders 1 to 6, that is, (AR(1) to AR(6)).  
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Figure 4.3: A Graph of the Second – Order Differencing of the Nigerian Temperature Dataset
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Figure 4.4: A Correlogram of ACF of Temperature Dataset between 1990 and 2022 against 
Lag K

[image: IMG_256]Lag K

PACF
Figure 4.5: A Correlogram of PACF of Temperature Dataset between 1990 and 2022 against Lag K
4.3 Model Estimation of TFPAR Using MLE Method for Nigerian Temperature
Figure 4.6 shows the frequency components of the temperature time series and the peaks indicate dominant periodic cycles in the data.   The highest peak represents the strongest repeating pattern, which aligns with the 33-year cycle.  The dominant frequency corresponds to a cycle length of approximately 33 years and it suggests that the temperature variations exhibit a long-term periodic pattern that repeats roughly every 33 years. The dominant frequency in the temperature data is 0.1905 cycles per year, corresponding to a period of approximately 5.25 years. This suggests that the temperature follows a repeating cycle every ~5.25 years, meaning the trigonometric terms in the TFPAR model should useinstead of 10 for better accuracy.


[image: C:\Users\USER\Downloads\WhatsApp Image 2025-09-02 at 9.57.53 AM.jpeg]Figure 4.6: Fourier transform of Nigeria Temperature dataset from 1990 to 2022









The fractional polynomial terms  and  were chosen based on the fractional polynomial transformation technique which capture nonlinear growth over time.  The inclusion of  term helps in modelling trends that slow down or follow a diminishing return pattern and is found to be statistically significant (p = 0.003) which shows it strongly influences the temperature.  Also, the  inclusion of   accounts for the curvature in the dataset, and this allows for the acceleration or deceleration in the trend.  The P-value of 0.051 shows that term is nearly significant and suggests some of its influence on the temperature.


Table 4.1: Values of Coefficient of Determination and Adjusted Coefficient of Determination for the Proposed Model with Varying Parameters (Nigerian Temperature)

	Model(s)
	Coefficient of 
Determination
	Adj. Coefficient of  
Determination
	Durbin  Watson
	AIC

	TFPAR(1,2,2)
	0.5939

	0.4802


	1.8485
	-0.0664

	TFPAR(2,2,2)
	0.6196

	0.4708
	1.8520
	-0.0081

	TFPAR (3,2,2)
	0.7145
	0.5649
	1.8042
	-0.1658

	
	
	
	
	











Table 4.1 revealed that FPAR (3,2,2) is the best model having the minimum Akaike Information Criterion (AIC) of the value -0.1658. It also has the highest coefficient of determination; R2 of 71.45% which revealed that time explained the variations in the temperature dataset as much as 71%. The adjusted R-Square of 56.5% indicates that the model predictive power at 5% significant level.  Durbin-Watson statistic of 1.8042 (less than 2.0) indicates that the temperature dataset has no serial correlation. Hence, the best fit model is given by 
                                                                         














4.4 Diagnostic Checking of TFPAR Model for Nigerian Temperature
The Histogram of residuals showed a bell-shape which indicates the symmetric nature of the residuals. Hence, it shows that the residuals are normally distributed. The bars of the correlation coefficients in the plots of ACF and PACF of residuals in Figure 4.8 do not extend beyond the significant boundaries which indicate optimal results. Hence, the ACF and PACF plots of residuals also showed that the residuals are statistically significant at 5% level. 
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         Figure 4.7: Histogram of Residuals for Nigeria Temperature dataset from 1990 to 2022
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Figure 4.8: The Correlograms of the ACF and PACF Plots of Residuals for Nigeria Temperature dataset from 1990 to 2022




Figure 4.9: The Correlograms of the ACF and PACF Plots of Residuals Squared for Nigerian Temperature for Nigeria Temperature dataset from 1990 to 2022
4.5 Model Comparison Based on Model Validation and Forecast Evaluation Metrics for Nigerian Temperature

Table 4.2 showed that TFPAR has both the highest values of R2 and adjusted  of 71.45% and 56.49% respectively than other models which means that time best explained the variations in the temperature with the proposed TFPAR model than others.  Table 4.3 showed that TFPAR has the least RMSE of 16.8952 among others which implies that the model makes more accurate predictions and fits the data well.  The MAE of the proposed model is 12.5194 which is the least value compared to other models.  This indicates that the proposed model has the average size of mistakes in a collection of predictions with other models without taking their direction into account.  Its least value of MAPE also confirmed the effectiveness of TFPAR model compared to other hybrid models. In Figure 4.10, the increasing trend of Nigerian temperature was predicted and it falls within the lower and upper bounds of confidence interval at 5% significant level.


Table 4.2: Values of Coefficient and Adjusted Coefficient of Determination for the Combined Models (Nigerian Temperature)

	Model(s)
	Coefficient of 
Determination
 
	Adj. Coefficient of  
Determination

	Durbin  Watson

	TAR 
	0.5116
	0.3204
	1.8984

	FPAR
	0.5826
	0.5053
	1.8645

	TFP
	0.6298
	0.5064
	1.6017

	TFPAR (3,2,2)
	0.7145
	0.5649
	1.8042


	









Table 4.3: Forecast Evaluation for the Combined TFPAR Models of Nigerian Temperature
	Model(s)
	RMSE
	MAE
	MAPE

	TAR
	24..8414
	20.1497
	73.7568

	FPAR
	18.4168
	13.7364
	50.2556

	TFP
	17.4767
	13.5644
	49.7406

	TFPAR(3,2,2)
	16.8952
	12.5194
	45.8372















4.6 Data Exploration for Nigerian Carbon (iv) Oxide (CO2) Emission
The descriptive statistics shows that the Carbon (iv) Oxide, CO2 ranges from 74.38 to 123.31 and the mean CO2 over the period is 99.4.  The standard deviation of 14.01 indicates a high variability. The time plot in Figure 4.1 shows that there is a clear upward trend in CO₂ levels from 1990 to 2022 and this suggests a consistent increase in emissions or concentrations over the years, possibly due to increased industrial activity, fossil fuel consumption, or deforestation.   Figure 4.2 shows the visual inspection of the dataset which reveals a strong long term trend in CO2.  There are no extreme outliers detected. There are mean and variance change over time to indicate the non-stationarity of the dataset.  
4.7 Model Identification for Carbon (iv) Oxide (CO2)
For the stationarity test, the Augumented Dickey-Fuller (ADF) has its Test Statistic to be -6.26 with an extremely low P-value of  after the first-order differencing of the original dataset. The P-value result which is less than, indicates that the dataset is stationary after the second-order differencing and hence, it is suitable for time series modelling as shown in Figure 4.3.
The Autocorrelation Function (ACF) in Figure 4.4 shows a strong positive correlation at lag 1 and then quickly drop off.  This suggests a non-stationary trend and it implies that the past values strongly influence the future values. The Partial Autocorrelation Function (PACF) in Figure 4.5 shows a significant spike at lag 1, with others less significant which suggest Autoregressive Model AR(1) structure.  
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Figure 4.10: A Time Plot of the Nigerian Carbon (IV) Oxide (CO2) data between 1990 and 2022
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Figure 4.11: A Graphical Distribution of Nigeria Carbon (iv) Oxide (CO2)
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Figure 4.12: Autocorrelation coefficient functions of Carbon (iv) Oxide (CO2) dataset between 1990 and 2022 against Lag K
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Figure 4.13: Partial Autocorrelation coefficient functions of Carbon (IV) Oxide (CO2) dataset between 1990 and 2022 against Lag K
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Figure 4.14: Autocorrelation coefficient functions of differenced Carbon (iv) Oxide (CO2) dataset against Lag K
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Figure 4.15: Partial Autocorrelation Coefficient Functions of Differenced Carbon (iv) Oxide (CO2) Dataset against Lag K





 






4.8 The Optimal Model Orders for the Carbon Dioxide (CO2) Data
The Fractional Polynomial Regression gives the best fit at order 3. For the trigonometric regression, it captures the cyclical fluctuations up to a second-order wave. Generally, the data shows a strong non-linear trends, cyclical behaviour but with little autocorrelation. Hence, all these support the use of trigonometric fractional polynomial autoregressive model as a powerful model for the explanation and forecasting. 










 




Table 4.4: Values of Coefficient of Determination and Adjusted Coefficient of Determination for the Proposed Model with Varying Parameters (Nigerian CO2)

	Model(s)
	Coefficient of 
Determination
	Adj. Coefficient of  
Determination
	Durbin  Watson
	AIC

	TFPAR(1,1,1)
	0.8417

	0.7955


	1.9934
	6.6803

	TFPAR(1,3,2)
	0.8204

	0.7658
	2.0307
	6.7399

	TFPAR (1,3,3)
	0.8530
	0.7868
	2.047
	6.6543

	
	
	
	
	












Table 4.4 revealed that TFPAR (1,3,3) is the best model having the minimum Akaike Information Criterion (AIC) of the value 6.6543. It also has the highest coefficient of determination; R2 of 85.3% which revealed that time explained the variations in the CO2 dataset as much as 85%. The adjusted R-Square of 78.7% indicates that the model predictive power at 5% significant level.  Durbin-Watson statistic of 2.0 indicates that the CO2 dataset has little or no serial correlation. Hence, the best fit model is given by 
                                                                     















4.9 Diagnostic Checking of TFPAR Model for Carbon (iv) Oxide, CO2 
A close bell-shape of the histogram of residuals showed indicates the symmetric nature of the residuals. Hence, it shows the normality of the residuals. The results are optimal with the bars of the correlation coefficients in the plots of ACF and PACF of residuals in Figure 4.19 that do not extend beyond the significant boundaries. Hence, the ACF and PACF plots of residuals also showed that the residuals are statistically significant at 5% level. 
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         Figure 4.16: Histogram of Residuals for Carbon (iv) Oxide, CO2






Figure 4.17: The Correlograms of the ACF and PACF plots of residuals for Carbon (iv) Oxide, CO2 





Figure 4.18: The Correlograms of the ACF and PACF Plots of Residuals Squared for CO2


4.10 Model Comparison Based on Model Validation and Forecast Evaluation Metrics for Nigerian Carbon (iv) Oxide, CO2
Table 4.5 showed that TFPAR has both the highest values of R2 and adjusted  of 85.3% and 78.68% respectively than other models which means that time best explained the variations in the temperature with the proposed TFPAR model than others.  Table 4.6 showed that TFPAR has the least RMSE of 4.8301 among others which implies that the model makes more accurate predictions and fits the data well.  The MAE of the proposed model is 3.9241 which is the least value compared to other models.  This indicates that the proposed model has the average size of mistakes in a collection of predictions with other models without taking their direction into account.  The MAPE value of 4.3160 is the least which confirmed the effectiveness of TFPAR model compared to other hybrid models. In Figure 4.20, the increasing trend of Nigerian CO2 was predicted and it falls within the lower and upper bounds of confidence interval at 5% significant level.


Table 4.5: Values of Coefficient and Adjusted Coefficient of Determination for the Combined Models (Nigerian CO2)

	Model(s)
	Coefficient of 
Determination
 
	Adj. Coefficient of  
Determination

	Durbin  Watson
	AIC

	TAR(1,3) 
	0.7044
	0.6428
	1.8603
	7.0861

	FPAR(3,3)
	0.7587
	0.6984
	1.9885
	6.9707

	TFP(1,3)
	0.8336
	0.7952
	1.6178
	6.7173

	TFPAR (1,3,3)
	0.8530
	0.7868
	2.0470
	6.6543














Table 4.6: Forecast Evaluation for the Combined TFPAR models of Nigerian CO2
	Model(s)
	RMSE
	MAE
	MAPE

	TAR(1,3)
	6..8490
	5.9791
	6.3449

	FPAR(3,3)
	6.3004
	5.1615
	5.3981

	TFP(1,3)
	5.6272
	43.3397
	4.5106

	TFPAR(1,3,3)
	4.8301
	3.9241
	4.1606



















4.11 DISCUSSION
Table 4.1 revealed that FPAR (3,2,2) is the best model having the minimum Akaike Information Criterion (AIC) of the value -0.1658. It also has the highest coefficient of determination; R2 of 71.45% which revealed that time explained the variations in the annual temperature dataset as much as 71%. The adjusted R-Square of 56.5% indicates that the model predictive power at 5% significant level.  Durbin-Watson statistic of 1.8042 (less than 2.0) indicates that the temperature dataset has no serial correlation.
The coefficient of determination  revealed that time explained the variations in Nigerian annual temperature as much as 71.45%. The adjusted coefficient of determination, The  value signalled that TFPAR has good fit with 56% level of predictive power. Test of hypothesis results showed the coefficients were individual and jointly significant at 5%. Diagnostic analysis of TFPAR approach made it suitable for forecasting Nigerian temperature with respect to histogram, ACF and PACF plots of residuals. 
The Durbin Watson statistics value for the fitted TFPAR model showed no presence of serial correlation. The Histogram of residuals showed a bell-shape which indicates the symmetric nature of the residuals. Hence, it shows that the residuals are normally distributed. The bars of the correlation coefficients in the plots of ACF and PACF of residuals in Figure 4.8 do not extend beyond the significant boundaries which indicate optimal results. Hence, the ACF and PACF plots of residuals also showed that the residuals are statistically significant at 5% level. 
The TFPAR approach performance for the annual temperature was compared with the existing hybrid models, such as, Trigonometric Autoregressive (TAR), Fractional Polynomial Autoregressive (FPAR) and Trigonometric Fractional Polynomial (TFP) with the highest value of  and the minimum AIC = -0.1658 with the adjusted coefficient of determination,   of 56.5% . The TFPAR has the minimum forecast evaluation metrics compared with the existing hybrid models. The Root Mean Square Error is 16.8952, the Mean Absolute Error is 12.5194 and the Mean Absolute Percentage Error is 45.8372 as contained in Table 4.2 and Table 4.3. By interpretation, the value of the coefficient of determination,  for TFPAR model out-performed other models by signifying that time explained the variations in Nigerian Annual Temperature is better than any of the existing hybrid models, TAR, FPAR and TFP considered. Also, the adjusted coefficient of determination value demonstrated that TFPAR model has better good fit and predictive capability than TAR, FPAR and TFP models. In the same vein, the forecast evaluation metrics, such as RMSE, MAE and MAPE indicated that forecast evaluation of TFPAR has lower values, and hence, the TFPAR model is most accurate than all other models considered for the prediction of the Nigerian Annual Temperature. 
For carbon (iv) oxide (CO2) emissions, Table 4.4 revealed that TFPAR (1,3,3) is the best model having the minimum Akaike Information Criterion (AIC) of the value 6.6543. It also has the highest coefficient of determination; R2 of 85.3% which revealed that time explained the variations in the CO2 dataset as much as 85%. The adjusted R-Square of 75.68% indicates that the model predictive power at 5% significant level.  Durbin-Watson statistic of 2.0 indicates that the CO2 emission dataset has little or no serial correlation. Test of hypothesis results showed the coefficients were individual and jointly significant at 5%. Diagnostic analysis of TFPAR approach made it suitable for forecasting Nigerian Carbon (iv) Oxide, CO2 with respect to histogram, ACF and PACF plots of residuals. 
The Histogram of residuals for the CO2 emission showed a bell-shape which indicates the symmetric nature of the residuals. Hence, it shows that the residuals are normally distributed. The bars of the correlation coefficients in the plots of ACF and PACF of residuals in Figure 4.8 do not extend beyond the significant boundaries which indicate optimal results. Hence, the ACF and PACF plots of residuals also showed that the residuals are statistically significant at 5% level. 
For the CO2 emission, the TFPAR approach performance was compared with the existing hybrid models, such as, Trigonometric Autoregressive (TAR), Fractional Polynomial Autoregressive (FPAR) and Trigonometric Fractional Polynomial (TFP) with the highest value of  and the minimum AIC = 6.6543 with the adjusted coefficient of determination,   of 78.68% . The TFPAR has the minimum forecast evaluation metrics compared with the existing hybrid models. The Root Mean Square Error is 4.830 1, the Mean Absolute Error is 3.9241 and the Mean Absolute Percentage Error is 4.1606 as contained in Table 4.6. By interpretation, the value of the coefficient of determination,  for TFPAR model out-performed other models by signifying that time explained the variations in Nigerian CO2 is better than any of the existing hybrid models, TAR, FPAR and TFP considered. Also, the adjusted coefficient of determination value demonstrated that TFPAR model has better good fit and predictive capability than TAR, FPAR and TFP models. In the same vein, the forecast evaluation metrics, such as RMSE, MAE and MAPE indicated that forecast evaluation of TFPAR has lower values, and hence, the TFPAR model is most accurate than all other models considered for the prediction. 
The result of the proposed TFPAR model agrees with the works of Woodward and Gray (1995); Ogunsola and Yaya (2019); Gil-Alana (2018); and Kazeem et al. (2018) that Nigerian temperature may relatively increase over the years.  Also for the Nigerian carbon (iv) oxide CO2 ,  the proposed TFPAR model agrees with the works of Stanislaus et. al. (2024); Althobaiti and Shabri (2021); Abdullahi and Pauzi (2019); Niyoni and Banga (2019); Niyoni and Mutongi, (2019) that Nigerian carbon (iv) oxide, CO2 emissions are increasing over the years. 
The increasing surface temperature and carbon (iv) oxide are caused by air pollution through the increasing vehicular emissions, industrial activities; open burning of wastes, deforestation, and combustion of fossil fuels (coal, oil and gas).  The continuous Greenhouse gas emissions cause depletion of the ozone layer and global warming and hence, pose threats to quality breathing air, and food production.  The heat wave adversely affects plants growth and the survivability of both land and water animals.
[bookmark: _Toc148497902]










		CHAPTER FIVE
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In this section the findings of the research are presented and discussed to determine whether aim and objectives of the research were fulfilled. These were carried out by analysing monthly Nigerian annual temperature time series dataset between 1990 and 2022, and the monthly carbon (IV) oxide emissions between 1990 and 2022. The datasets used for the analysis were extracted from the database of the Nigerian Meteorological Agency.
 In this research, different time series models were considered to achieve the aim and objectives of the study. The fractional polynomial, trigonometric and autoregressive models were combined with the intention to select the best combination to fit the model.  Different literatures were reviewed to give more insight into the study and this yielded a significant contribution to the work. In the Methodology, two methods of estimation such as Least Squares and Maximum Likelihood were explored to evaluate the coefficients of the terms in the models. The models considered were Trigonometric Autoregressive (TAR); Fractional Polynomial Autoregressive (FPAR); Trigonometric Fractional Polynomial (TFP) and Trigonometric Fractional Polynomial Autoregressive (TFPAR).
The data exploration revealed that the time plot showed fluctuations in the annual temperature dataset and the visual inspection of the dataset which revealed the long term trend in temperature using a 5-year rolling mean.  The temperature fluctuates slightly but shows an overall gradual increase over the years. There are some dips and peaks which could indicate the periodic variations which also signified the non-stationarity of the dataset.  For the stationarity test, the Augumented Dickey-Fuller (ADF) has its Test Statistic to be -5.71 with an extremely low P-value of  after the second-order differencing of the original dataset. The P-value result that is less than, indicates that the dataset is stationary after the second-order differencing.  The Partial Autocorrelation Function (PACF) showed a significant spike at lag 1 to 6 and a slow decline afterwards indicate the presence of Autoregressive model of orders 1 to 6, that is, (AR(1) to AR(6)).  For the identification of the cyclical variation present in the temperature dataset, its frequency components with different peaks indicate dominant periodic cycles in the data.   The highest peak represents the strongest repeating pattern, which aligns with the 33-year cycle.  The dominant frequency corresponds to a cycle length of approximately 33 years and it suggests that the temperature variations exhibit a long-term periodic pattern that repeats roughly every 33 years. The dominant frequency in the temperature data is 0.1905 cycles per year, corresponding to a period of approximately 5.25 years. This suggests that the temperature follows a repeating cycle every ~5.25 years, meaning the trigonometric terms in the TFPAR model should useinstead of 10 for better accuracy.  
The fractional polynomial terms  and  were chosen based on the fractional polynomial transformation technique which capture nonlinear growth over time.  The inclusion of  term helps in modelling trends that slow down or follow a diminishing return pattern and is found to be statistically significant (p = 0.003) which shows it strongly influences the temperature.  Also, the inclusion of   accounts for the curvature in the dataset, and this allows for the acceleration or deceleration in the trend.  The P-value of 0.051 shows that term is nearly significant and suggests some of its influence on the temperature. 
The descriptive statistics shows that the carbon (iv) oxide, CO2 ranges from 74.38 to 123.31parts-per-million (ppm) and the mean CO2 over the period is 99.4 ppm.  The standard deviation of 14.01ppm indicates a high variability. The time plot of CO2 showed that there is a clear upward trend in CO₂ levels from 1990 to 2022 and this suggests a consistent increase in emissions or concentrations over the years.  For the stationarity test, the Augumented Dickey-Fuller (ADF) has its Test Statistic to be -6.26 with an extremely low P-value of  after the first-order differencing of the original dataset. The P-value result which is less than, and this indicates that the dataset is stationary after the first-order differencing and hence, it is suitable for time series modelling.  The Autocorrelation Function (ACF) of CO₂ showed a strong positive correlation at lag 1 and then quickly dropped off.  This suggests a non-stationary trend and it implies that the past values strongly influence the future values. The Partial Autocorrelation Function (PACF) showed a significant spike at lag 1, with others less significant which suggest Autoregressive Model AR(1) structure.  The Fractional Polynomial, the data showed a strong non-linear trends, and a cyclical behaviour.  
Hence, the presence of all the characteristic variations: linear, non-linear, seasonal and cyclical support the use of the trigonometric fractional polynomial autoregressive model as a powerful model for the explanation and forecasting.  
For the identification of the order of the proposed model, the two datasets exhibit different orders for each of the variation characteristics.  For the fractional polynomial, Nigerian temperature, showed the highest order of 2 and the carbon (iv) oxide showed the maximum order of 3. For the autoregressive, the temperature indicated order 2 and the carbon (iv) oxide performed better at order 1. The frequency component in the trigonometric model showed that the Nigerian temperature is best at the order 3 while for the carbon (iv) oxide, it is best at order 1.
The parameters of the proposed model were estimated for the two datasets and hence, the appropriate model for the Nigerian temperature was fitted as contained in the equation (4.1). The same procedures were followed for the variable, carbon (iv) oxide and also, the best model was fitted as contained in the equation (4.2).
 The diagnostic check and the results comparison with the existing models were considered for Nigerian temperature.  It was revealed that TFPAR model has both the highest values of R2 and adjusted  of 71.45% and 56.49%, respectively than other existing hybrid models which means that time best explained the variations in the temperature with the proposed TFPAR model than others.  The TFPAR model has the least RMSE of 16.8952 among others which implies that the model makes more accurate predictions and fits the Nigerian temperature data well.  The MAE of the proposed model is 12.5194 which is the least value compared to other models.  This indicates that the proposed model has the average size of mistakes in a collection of predictions with other models without taking their direction into account.  Its least value of MAPE also confirmed the effectiveness of TFPAR model compared to other hybrid models. 
For carbon (iv) oxide, TFPAR (1,3,3) is the best model having the minimum Akaike Information Criterion (AIC) of the value 6.6543. It also has the highest coefficient of determination; R2 of 85.3% which revealed that time explained the variations in the CO2 dataset as much as 85%. The adjusted R-Square of 78.7% indicates that the model predictive power at 5% significant level.  Durbin-Watson statistic of 2.0 indicates that CO2 emissions dataset has little or no serial correlation. 
A close bell-shape of the histogram of residuals showed indicates the symmetric nature of the residuals. Hence, it shows the normality of the residuals. The results are optimal with the bars of the correlation coefficients in the plots of ACF and PACF of residuals in Figure 4.19 that do not extend beyond the significant boundaries. Hence, the ACF and PACF plots of residuals also showed that the residuals are statistically significant at 5% level.  TFPAR model has the least RMSE of 4.8301 among other existing hybrid models which implies that the model makes more accurate predictions and fits the data well.  The MAE of the proposed model is 3.9241 is the least value compared to other models which also indicates that the proposed model has the average size of mistakes in a collection of predictions with other models without taking their direction into account.  The MAPE value of 4.3160 is the least which confirmed the effectiveness of TFPAR model compared to other hybrid models. The increasing trend of Nigerian CO2 was predicted and it falls within the lower and upper bounds of confidence interval at 5% significant level.
5.2 Conclusion

Recent work on time series modelling have used different approaches to model real-life situations but it has been observed that some complex data have seasonal and cyclical variations with curvature trends apart from the linear trend that are inherent.  
The global climatic change has ever posing different challenges and which have been affecting different sectors such as, agriculture, health and the national economy.  The increasing trend of Nigerian temperature and carbon (iv) oxide emissions affects the planning of agricultural activities, and the survival of plants, and both land and water animals.  Consequently, it causes a shortage of food production and in the long run, the national growth and development are badly affected.  Also, the increasing carbon (iv) oxide emissions cause serious health implications to both animal and human lives.  It increases the morbidity rate and inflicts more pain on our people
The relatively increasing Nigerian temperature and the upward emissions of carbon (iv) oxide, possibly due to man-made activities such as increased industrial activity, fossil fuel consumption, or deforestation, should be of more concern as it affects agricultural productivity and has other health implications for both humans and animals. The TFPAR has proven to be a good model compared to other hybrid models to forecast the future values of both the Nigerian temperature and carbon (iv) oxide emissions and these will serve well to plan for the circumstances that surround their occurrences.  The preventive measures are taken into consideration and also, it helps to provide adequate therapeutic interventions for the damages caused by the phenomena.

5.3 Recommendations
  The following recommendations are made based on the conclusion:

i. Before the analysis, it is very essential to identify variation exhibited by the time series datasets under consideration.
ii. The mixed models can be applied to any datasets in any field as it is has approved to be a better alternative to the existing models.
iii. Box-Jenkins procedures that involve model identification; estimation; validation and diagnostic checking; and forecasting are essential in the modelling of time series data.
iv. Model diagnostic must be ensured to determine the residual is stable before forecasting.
v. It is highly useful for both linear and nonlinear data whether they are stationary or not. 
vi. The greenhouse gas effects should be strictly checked by enacting proper rules and regulations guiding the environmental and industrial activities and ensuring its implementations. This will afford us an increased food supply and more healthy individuals.
Furthermore, this work contributes to knowledge with a Trigonometric Fractional Polynomial Autoregressive (TFPAR) model providing a unified approach that captures all major time series complexities: trend, seasonality, cycles and nonlinear patterns within one flexible framework.
i. the developed TFPAR model is a better alternative for analysing trend-cyclical with non-linearity time series datasets among others.
ii. the TFPAR model has capacity of capturing variation in time series data for stationary and non- stationary data.
iii. the model can handle all types of time series components.
iv. the estimation of the parameters of the models using the methods of Ordinary Least Squares (OLS), and Maximum Likelihood Estimation (MLE).
v. the combination of polynomial, linear trends and Fourier regression models brings out the capability of hybrid model for a better performance.
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